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1. Introduction and Summary

Renewal theory plays a crucial role in stochastic modeling in a

variety of applications such as demand estimation (e.g., White, 1964;

Soland, 1968a,b; 1969), inventory theory (e.q., Karlin, 1958; Ross, 1970),

reliability (e.g., Barlow and Proschan, 1965, 1975; Gnedenko et al.,

1969), manpower planning (e.g., Bartholomew and Forbes, 1979) and warranty

analysis (e.g., Slischke and Scheuer, 1975).

Application of renewal theory typically requires knowledge of the

renewal function H(t) (see Section 2) which cannot readily be computed in

most cases; an integral equation must be solved or a number of recursively-

defined convolutions evaluated. Some tables of the renewal function have

been published (see Section 4), but these do not orovide a comprehensive set

of values and are not widely available. There is a well-known asymptotic

approximation to Ht) for large t, but this approximation is seldom suffi-

ciently accurate for the small-to-moderate values of t encountered in practice.

The recent publication of McConaloue's extended cubic splining algo-

rithm (see Section 5) makes it possible to obtain accurate numerical ap-

proximations to recursively-defined convolution integrals and hence to the

renewal function. Implementation of this algorithm is not straight-forward

and hence, in this report, we tabulate the renewal function for five distri-

butions (see Section 3) for a wide range of values of the shape parameter.

Corresponding values of the variance function (see Section 2) and the

integral of the renewal function are also provided. (The latter is used

in the evaluation of the variance of the forward recurrence time and the

variance function for the equilibrium renewal process; see Section 2 for

definitions.)

In Section 2 we present a few properties of renewal processes and in

Section 3 we list the distributions for which we have tabulated renewal

-1-



functions. A review of other renewal tables is given in section 4 and a

brief description of the cubic splining algorithm in Section 5. Sections

6 and 7 contain some remarks on convergence and the accuracy of the algo-

* rithm respectively, and in Section 8 we discuss the scheme of tabulation.

some numerical examples illustrating the use of the tables are given in

Section 9. The tables themselves are appended.
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2. Renewal Theory

For ease of reference, we present a brief rdsumd of certain results

in renewal theory. See, for example, Smith (1958), Cox (1962), Barlow and

Proschan (1965, 1975) and Feller (1971) for further details.

An ordinary renewal process is defined by a sequence of independent,

identically distributed, non-negative random variables X1, X2 , X3, . .

with common distribution function F. We assume that f = F', E(X),

02 = var(X) and u3 = Ei(X-u)
3 all exist. The renewal counting function,

N(t), is the number of renewals in (0 ,t-j, and we define the renewal function

H(t) = E {N(t)) and the variance function V(t) = var {N(t)}.

To give formulae for H(t) and V(t), we need to define the convolution,

P'Q, of two functions F and Q, each witn support on the nonnegative real

line,

'*Q(t) = J* t P(t-u)dQ(u)

(n) (n)Further, the ui-fold convolution P of P with itself is defined as P =

p (n-l) p for 1 , ', with p() =P.

It is well known that

(1) H(t) = F (t),
n-1

() V(t) = 2H*H(t) + H(t) - H(t)gj,

that asymptotically, as t -,

(3) H(t) = + + o(1}

U 2u2  2

2 t + La

(4) V(t) = - _ _ + 0 (1)
13  40 4  3u3  12
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and that the distribution of EN(t) - t/IJEL VO-JI approaches that of
a standard normal variable.

The forward recurrence time, y(t), is the time from t to the next

renewal. The pdf of y(t) is

(5) (x) = f(t+x) + I h(u)f(t+x-u)du
t 0

where h(u) = H'(u) is the renewal density. Coleman (1979)* has shown that

(b) E{y(t)r , = E{ (X-t) r } - E(X r) H(t)

- r f t LE(x+u-t) r - 1 - (u-t)r- I H(u)du.
0

In particular,

(7) 1{y(t)} = Ijl+H(t)j - t

(which result was previously known) and

(8) var{y(t)} = (o2 +12 ) LI+H(t)] - u2El+H(t)]2 + 2jitH(t) - ft H(u)dul.
0

= -F (x)
Now lim 0 W(x) =  - and the renewal process for which this is the density

t- t t

of X1 is the corresponding equilibrium renewal process (erp). The renewal

and variance functions for the erp are t/m and

-t2

(9) V (t) -I H(u)du + t- te o U 2

respectively. Asymptotically, as t-,

o2 1 o
(1) V = - t + - + - - "__+ o(u).e 3 6 2 U4 3 03

* We thank Dr. Coleman for making a copy of his paper available
to us prior to its publication.
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3. Distributions Considered

The density function and the moments for each of the distributions for

which tabulations have been made are listed below.

1. Gamma with shape parameter a and scale parameter 6

f Wx = 1 X e X> , / 8 ~x 1 e
r(a)

E(Xk) = (rck+a)/ra) k=l,2,

2. Inverse Gaussian with parameters . and X, denoted I(u,X):

fxX = 1 expL-X(x-w) 2/21'xj , x>O , WX>0,

E(X) = L1 ,/ , E-(X-U)3j 30/X2.

If one makes the transformation O=A/u, y = P2 /I , Y = X/y , then

f(y) =/2TyexpL- (y-0) '/2yj , y'

i.e., Y has the distribution I(0,0 2 ) . Note that y is a scale

parameter of the distribution of X and that E(Y) = var(Y) =

EL(Y-0)3 j = 3,.

3. iognormal with parameters i and a',

fx) =-= exp{-(loq x - u)2/2o" , x> ,0>0,

E(X k ) = exp(ko + 42k202 ).

If one makes the transformation P=e , Y=X/p, then

-5-
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1I

f exp{-(log y) 2 /2a 2 ) , y>0 , >0,yu/2w

i.e., p is a scale parameter of the distribution of X.

4. Truncated Normal with parameters u and a:

1
f x) = - exp{-(x-P) 2 /20 2} , x>O , (po

aa/2w

where a = 1-$(-U/a) and 0(.) is the distribution function of

the unit normal distribution. Note that if X is truncated normal

with parameters u and a, then Y = X/a is truncated normal with

parameters -and 1, i.e., a is a scale parameter of the distribu-
a

tion of X. The moments are*

iI r (-u/a)

E(X r ) = r r! (U) r=1,2, ...

where

= (t-x)r et2/2I Wx e dt.
r /27 r

Evaluation of the I rx) is most conveniently performed by makingr

use of the following recurrence relation:

(r+l)I r+l(x) + XIrx) r I (x) , r=O,l,2, .

with I (-u/0) = i-$(-u/o)

1 j - 2/2U2
and I (-l/a) e 2

/2w

*Source: Britlih Association Mathematical Tables, Vol. I. Published for
The Jyal Society at the Cambridge University Press, 1951.
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5. Weibull with shape parameter a and scale parameter 8

f(x) -c-xa expL-(x/8)l" 1 , x > 0, at 8 > 0

k k k
E(X ) = k r(14 k), k = 1,2,3, .

The gamma, Weibull and truncated normal distributions are widely used

to model lifetimes in reliability theory, and their inclusion in this com-

pendium of renewal tables requires no justification. The inverse Gaussian

uistribution nas recently been cited as a suitable life distribution

(Cnhikara and Folks, 1977) and is thus also included. The lognormal dis-

tribution has oeen advocated as an appropriate model for the completed

lengtn of service distribution in manpower planning (Bartholomew and Forbes,

1979) where renewal theory can be used to model the successive appointments

to a particular post.

For convenience in applying the asymptotic relations (3), (4) and

(I)), we give numerical values of E(X) , E(X2 ) and E(X 3 ) for the gamma,

lognormal, truncated normal and Weibull distributions for the parameter

selections in our tables. We do not list these moments for the inverse

Gaussian, as tney are simply related to the parameter * (see above at

item 2).
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4. Other Renewal Tables

White (1964) has tabulated, in our notation, H(t) and [V(t)] for the

Weiull distribution for c=0.5(0.5)3.0(l.0)5.0, 7.0, 10.0 with t=0.00

(.05)2.45 for a<4, t=0.00(.05)2.05 for a=5, t=0.00(.05)1.65 for a=7 and

t=U.UU(.05)1.45 for a=10. White also tabulates H(P) and [V(P)] , where

P=l- exp(-t ), for this range of a and for P=0.00(.02)0.98. Further,

White gives tables of percentiles and c.d.f.'s, coefficients in the asymp-

totic expressions for H(t) and V(t) and certain terms he uses in his compu-

tations. LN.B. White's 6 is our a.j

Smitn 6. Leadbetter (1963) and Lomnicki (196o) also discuss the eval-

uation of the renewal function for tne Weibull distribution, but do not

provide any tauies.

Soland (1968a,b; 1969) nas presented gamma and Weibull renewal tables

for aistributions with increasinq hazard (i.e., failure) rate. In each

case he nas chosen combinations of scale and shape parameters to yield a

mean of unity. For both distributions, ne tabulates, in our notation, H(t),

V(t) and V (t) for u=2(U.25)4(l)6 with t=U.01(.01)2 for the gamma and

t=O.ul(.01)4 for the Weibull. Asymptotic expressions for H(t), V(t) and

Ve (t) are given, as are smallest times t to bound the absolute percentage

error of these asymptotic formulae for various percentages.

Huang (1972) , in an unpublished masters thesis, extends Soland's

tables for the gamma and Weibull distributions and also provides comparable

tables for the lognormal distribution.* For the gamma and Weibull, Huang

tabulates 11(t), V(t) and V (t) for a=1.25(0.125)1.875, 2.125(0.250)3.875,e

4.25(0.25)4.75, 5.25(0.25)5.75. For the gamma, t=0.0l(.01)2 and for the

We are grateful to Professor R. M. Soland for bringing the thesis of
his student Huang to our attention and for providing us with a copy.
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Weibull, t=O.0l(.Ol)4. For the lognormal, he tabulates, in our notation,

H(t), V(t) and V (t) for o2=0.05(.05)1.00, t-O(.01)4. In each of thee

three distributions he considers, he chooses the second parameter so as

to yield a mean of unity.

The present renewal tables extend those of White, Soland and Huang

in a number of respects. Firstly, the tables explicitly provide values of

ft H(u)du. Secondly, renewal tables for the truncated normal and inverse
0

Gaussian distributions are provided. Thirdly, the existing gamma and

Weibull renewal tables, with one exception, do not include shape parameter

values corresponding to aecreasing failure rates. Finally, the existing

lognormal table is available only in an unpublished masters thesis.

See Baxter (1981) for a comparison of the computational techniques

of White, Soland, and Huang with the cubic splining algorithm.
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5. The Cubic Splining Algorithm

The algorithm of Clroux and McConalogue (1976) provides a more general

approach to the numerical evaluation of renewal functions than the methods

used by the tabulators mentioned in Section 4. This algorithm generates

piecewise polynomial approximations to recursively-defined convolutions of

the form F( n ) (t) (n=1,2,3, . .) for F c C2[0,-), assuming that f-F' is

bounded, and can hence be used to compute a wide range of functions arising

in renewal theory.

The essence of the algorithm is the choice of a cubic-spline repre-
(n)

sentation of F for each n. This provides an accurate approximation,

preserving both positivity and monotonicity. The abscissa is subdivided

into panels of equal width and F is approximated by a cubic in each panel.

The spline representation and its second derivative are continuous at each

node; imposing first derivative continuity at the nodes determines the

coefficients of the cubics and ensures an extremely smooth representation.

The derivative of the cubic spline approximates f, and hence convolution

is reduced to the relatively straightforward task of integrating polynomials

numerically. The approximation to F (n + l ) it) is generated recursively from

that for F (n ) (t) (n=1,2,3, . . .). Our experience supports the contention

of Cldroux and McConalogue (1976): accuracy does not diminish appreciably

with increasing n or t. For full details of the algorithm, see Ci4roux and

McConalogue (1976) and McConalogue (1978).

The principal limitation of the Cldroux-McConalogue algorithm (Baxter,

1981) is that it cannot be applied to densities exhibiting an infinite

singularity at the origin (e.g., the DFR Weibull and gamma distributions)

and is inadequate for densities with a finite singularity at the origin

(e.g., the lognormal and inverse Gaussian distributions). McConalogue

-10-



(1981) removes these restrictions by extending the algorithm to cope with

densities which are not "well-behaved" near the origin. A semi-analytic

treatment of f is required. The extended algorithm permits f to be un-

bounded, but assumes that the derivative of F (n ) is bounded for n>2. This

permits the convolution of both the Weibull and the gamma distributions

for a shape parameter no less than and, if the density is bounded, en-

hances the accuracy of the approximation near the origin, thereby producing

more reliable results when the algorithm is applied to the lognormal and

inverse Gaussian distributions.

The extended algorithm was used to perform all the calculations for

(n)
the present study. In each case, F (t) was computed for n=1,2,3, . .

using a panel width of 0.1, the intermediate values being obtained by cubic

spline interpolation (Cldroux and McConalogue, 1976). Note, however, that

interpolation in the first panel (0,0.1) is impossible if there is an infin-

ite singularity at the origin and unreliable if there is a finite singular-

ity. The renewal function was computed by means of equation (1) and V(t)

from equation (2) in which 11*H(t) is calculated by

H*H(t) = E nF ( n + l ) Wt.

n=l

The convergence criterion used was

nF (n+l) (t) < 10- 6

Values of ft H(u)du were obtained by direct integration of the spline
0

representation; special treatment is necessary in the first panel as the

spline may not be defined there (McConalogue, 1981).

All calculations were performed using the FORTRAN G compiler of the

IBM 360/65 at University College London with double precision arithmetic.

-11-
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Readers interested in the computer programs should inquire of Professor

Denis J. McConalogue, Delft University of Technology, Department of Mathe-

matics, 2628 BL Delft, Julianalaan 132, The Netherlands.
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6. Convergence

The tables of H(t) and V(t) enable us to assess the rate of convergence

of these functions to their linear asymptotes ((3) and (4) respectively).

"The rate of approach of a renewal function to its linear asymptote is
principally determined . . . by the presence of peaks in the density. A
density which is, e.g., closely concentrated about some a>O, will have . .
a very slow and oscillatory approach of the renewal function to its linear
asymptote. I suspect that something similar may happen when there is a
singularity near zero."

Our results confirm Neuts' conjecture: for c<l, the renewal functions of

the Weibull and gamma processes converge very slowly to their linear

asymptotes. The variance functions converge even more slowly and, for

the Weibull process, exhibit a marked oscillation.

Convergence of the renewal functions is very slow indeed for the

lognormal process if a2>1 and for the inverse Gaussian process if 0 is

small (c.7) or large (>10).

Another form of convergence is the rate of approach of the sequence
k F(n)

of partial sums { Z (t)} to H(t) as k - =. As the number of operations
nl

required for each convolution is O(m2), where m is the number of panels

(McConalogue, 1978), an extremely large expenditure of computer time may

be required in certain instances. This is the only computational limita-

tion on the use of the extended algorithm. Our experience suggests that

for the following approximate ranges, convergence is very slow (i.e., more

than 5 minutes CPU time on the FORTRAN G compiler of an IBM 360/65 is

required):

Inverse Gaussian 0<.7
Weibull l<ci<3
Truncated normal V<0
Gamma s<l.

It is interesting to note that the rates of the two types of convergence

do not appear to be dependent. Thus, for example, for a2>i, the renewal

M M. F. Neuts (1979) Personal Communication
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function of the lognormal process converges very slowly to its linear

asymptote, whereas the sequence of partial sums converges quickly. The

reverse is true for the truncated normal process for UO. For the inverse

Gaussian process with *<.7, both types of convergence are very slow.

-14-



7. Accuracy

In view of the novelty of McConalogue's algorithm (indeed, no appli-

cations of the Clroux-McConaloque algorithm have yet been published), a

few remarks on the accuracy of this procedure, and hence of our tables,

may be of interest.

Comparison, where appropriate, with the tables of White, Soland and

Huang shows a discrepancy of no more than one digit in the last decimal

place, confirming the accuracy of the algorithm for the gamma, Weibull

and lognormal distributions. Additional verification in the case of the
(n)

gamma distribution may be gained by notinq that F (t;a) - F(t;n) where
cz-l -x

F(t;a) = x x e dx and may hence be evaluated by means of an algorithm
o r (a)

for the incomplete gamma function, e.g., that of Bhattacharjee (1970).

(n)
Values of F (t;a) obtained in this fashion agree to 6 decimal figures

with those given by the cubic splining algorithm.

A check on the values of the renewal function for the truncated

normal process with shape parameter w, H (t) say, is given by observing

that

I H W) O(t-nu) Vr 0.

For P=4 and t<20, the renewal function and its limiting value show agree-

ment to 4 decimal figures.

In vertain of the inverse Caussian and lognormal tables we found dubious

values of the tabulated functions for a few small values of t. These entries

were eliminated, hence the "whited-out" portions found there.

-15-
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8. Scheme of Tabulation

Each of the five distributions considered can be parameterized in terms

of a shape parameter 6 and a scale parameter w. (Trivial changes of vari-

able are required for the lognormal and inverse Gaussian distributions; see

Section 3.) Without loss of generality, we need only tabulate each of the

functions considered for each distribution for w-1; see Section 9.

We tabulate H(t), V(t) and ft H(u)du for t=0(0.05)20.* (However, for
0

reasons mentioned in Section 5, it is necessary to omit the t-.05 entry in

a number of cases.) For t>20 the asymptotic approximations (3) and (4)

t 20 t x 02-1 2

can be used for H(t) and V(t), and I H(u)du o H(u)du + f (I + -) dx,
o 0 2011 21,2

where the value of the first integral on the right is read from the tables.

The ranges of shape parameter values 6 for which the functions are

evaluated are as follows:

Weibull: 0.55(0.05)1(0.25)7
0.55(0.05)1(0.25)7

Lognormai . -- 02 = 0.1,0.25(0.25)1(0.5)4
Truncated Wormal: = -2(0.25)4
Inverse Gaussian: 0 U.50-0Q5)(0.2)2(0.5)9,10,12,15,20.

The lower limit of a for the Weibull and gamma distribuEions-Is due

to the inability of the extended algorithm to cope with m<0.5 (see Section

5). The upper limit is arbitrary; we know of no case where a value of

m>7 has been reported in the literature. For the truncated normal distri-

but in, the upper limit is determined by the fact that for '>4

m H(t) - L *((t-ni)/W I 10j 4
O<t<20 n-I

' The choice of the upper limit of 20 is arbitrary. It was motivated
by the fact that a larger upper limit would require considerably more
CPU time.
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A lower limit of p=-2 was chosen as it is not thought likely that smaller

values of p would be useful in practice. The range of values of 02 for

the lognormal distribution is arbitrary: 
it covers those values of o2

xmst likely to arise in practice. For the inverse Gaussian distribution,

the lower limit of 0 is due to the exceptionally large requirement 
of CPU

time for small 0; thi requirement increases rapidly as 0 * 0. The upper

limit is arbitrary. Note that if Y 1. 1(0,02), the distribution of

(y-O)/ -tenici co th unit normal as 0 - (Folks and Chhikara, 1978),

but this limit -. , distribution does not provide an adequate approximation

even for 0=20.

Thr chc_.e of the spacings between adjacent values of 6 is a compro-

mise between the desire to provide a comprehensive set of tables at as

uniform a spacing as possible, the need to conserve space and the fact

that H6 (t+0.05) - H6 (t) can vary quite considerably with 6 for 
fixed t.

The minimum variation between values of the function at adjacent values

of 6 is approximately 10%. It is not practical to impose a maximum vari-

ation.

The tables attached were reproduced from computer 
printouts, subsequent

to a photo-reduction. There are occasional entries in the resulting product

that are not completely legible. In most cases this should not be a serious

problem since the correct values can be 
deduced from that part that is printed

and surrounding values. Where this is not possible, correct values can be

obtained by contacting Baxter or Blischke.

-17-
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9. Examples

To use the present tables, recall that they are calculated for a scale

parameter* (say w) value of unity. This causes no loss of generality in

view of the identities

H (t; w) H H(t/w; 1),

V(t;W) - (t/W;1)

and

f t il(u;w)du £ wIt /W H(u;l)du.0 0

Example 1: For tne gamma distribution with a=3 and 6=1/3 find: (i) H(l.5;l/3),

(ii) V(1.5;1/3), (iii) f1 .5 H(u;1/3)du.
0

Solutions: Recall that I is a scale parameter.

(i) (l.5;l/3) = H(4.5) = 1.1663

(ii) V(1.5;1/3) = V(4.5) = 0.5764

(iii) .5 k(u;1/3)du - 1/3 f4.5 H(u)du = 1/3(2.098) = 0.699.
o 0

Example 2: For an inverse Gaussian random variable X with parameters p=3, *

X-b, find (i) H(9;3,b), (ii) V(9;3,6), f9 H(u;3,6)du.
0

Solutions: Let -- 2 , y =2/ = 1.5 and recall that y is a scale

parameter of the distribution of X.

(i) H(9;P=3,A=6) = H(9;0=2,y=1.5) = H(6;0=2,y=l) = 2.7496

(ii) V(9;P=3,X-6) = V(9;=2,py=1.5) = V(6;0=2,y=) = 1.3998

* w is a scale parameter of the distribution of X if the distribution of
X/w does not involve w.

** In this section, the arguments of H and V will sometimes be written (t;
shape parameter, scale parameter), sometimes (t; scale parameter) -- the
value of the shape parameter being understood, and sometimes merely t -- the
latter when the scale parameter is unity. In earlier sections, where para-
meters did not enter specifically, we wrote simply H(t) and V(t). Context
will make our usage clear and no confusion should result.

** The parameter p should not be confused with E(X).

-18-



(iii) f9 H(u;P3,AX6)du 9 H(u;*-2,y-1.5)du = 1.5 6 H(u;#*2,Y=l)du
00 0

= 1.5(7.543) = 11.314.

Example 3: For the lognormal with parameters p=2, 02=0.75*, find (i)

ki(20;2,0.75), (ii) V(20;2,0.75), (iii) j20 H(u;2,0.75)du.
0

Solutions: Let p=exp(p) = e2 = 7.389. Recall that p is a scale parameter.

(i) H(20;p=2,a 2=0.75) = H(20;p=7.389,02 =0.75) = H(2.71;p=,0 2=0.75)

= 1.8452 (by interpolation)

(ii) V(20;p=2,2=0.75) = V(20;p=7.389,a2=0.75) = V(2.71;p=l,a2=0.75)

= 1.3914 (by interpolation)

(iii) f 20 H(u;u=2,a2=0.75)du = j2U H(u;p=7.389,02=0.75)du
o 0

= 7.389 f2.71 H(u;p=1,G2 =0.75)du
0

= 7.389(2.3396) = 17.287 (by interpolation).

example 4: For a truncated normal distribution with parameters v=I and a=2*

find: (i) H(30;1,2) , (ii) V(30;l,2) , (iii) f30 H(u;l,2)du.

Solutions: Note that the transformation to a unit scale parameter a also

changes the shape parameter P: a - 1, w - E.:

Wi Ii(30;p=I,a=2) = H(15;U= 2,a=I) = 14.6026

(ii) V(30;tj=l,a=2) = V(15;p= ,a=l) = 7.2883

(iii) 0 H(u;p=l,o=2)du = 2 f15 H(u;u=,c=l)du = 2(107.656) = 215.312.0 0

Example 5: For the Weibull distribution with parameters a=0.6 and B-2,

find (i) H(5;2), (ii) V(5;2), (iii) 5 H(u;2)du.
0

Solutions:

(i) H(5;2) = H(2.5) = 2.4237

(ii) V(5;2) = V(2.5) - 4.0914

(iii) I5 11(u;2)du = 2 f2.5 H(u)du = 2(3.490) = 6.980.
0 0

* The parameters V and a2 should not be confused with E(X) and var(X).
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Example 6: In the context of warranties (Blischke and Scheuer, 1975),

consider the random variable Y=W+y (W), where W is a constant (the length

of the warranty period). The renewal function Hy, corresponding to the

random variable Y, is of interest, but a closed-form expression for it

does not seem to be available. However, H y(t) can be approximated by the

asymptotic expression (3)

Hy(t) -V + var(Y) 1

E(Y) 2E2 (Y) 2

where E(Y) and var(Y) are obtained from Coleman's formulas (7) and (8):

r(Y) = E [w+y(W). = uLl+H(.W).j

var (Y) = varLy (w) j.

Suppose that the lifetime random variable X has the gamma distribution

with parameters a=3, 6=1/3 and that W=1.5. Let us find an approximation to

Hy (10).

We know t=E(X)=ga=l, E(X 2 )=j 2 (cL2 +a)=4/3,

E(Y) = PL1+H(W;a)j = I.L+H(l.5;1/3)] = I+H(4.5) - 2.1663,

var(Y) = E(X2) Ll+H(W;B)j - 2[I+H(W;B)] 2 + 2p[Wji(W;B) - f W H(u;B)du]
0

- 4/3 [2.1663j - L2.1663] 2 - 2[(l.5)(l.1663)-.699] = .296

(the value of the integral was obtained earlier in example 1)

10 var(Y) 1 10 + .296 1y(l)' + - ___ _____ 4.1477.
E(Y) 2E2 (Y) 2 2.1663 2(2.1663)2 2
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- >The generalized cubic splining algorithm enables us to evaluate recursively-
defined convolutions for a wide variety of distribution functions. The
algorithm has been applied to evaluate the renewal function, variance
function and the integral of the renewal function for five distributions (gam

inverse Gaussian, lognormal, truncated normal and Weibull) for a wide range of

values of the shape parameter. The results of the computations are discussed

and a comparison is made with previous tabulations.
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